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Abstract
We construct and study market models admitting optimal arbi-
trage. We say that a model admits optimal arbitrage if it is possible,
in a zero-interest rate setting, starting with an initial wealth of 1 and
using only positive portfolios, to superreplicate a constant c > 1. The
optimal arbitrage strategy is the strategy for which this constant has
the highest possible value. Our definition of optimal arbitrage is simi-
lar to the one in Fernholz and Karatzas (2010), where optimal relative
arbitrage with respect to the market portfolio is studied. In this work
we present a systematic method to construct market models where
the optimal arbitrage strategy exists and is known explicitly. We then
develop several new examples of market models with arbitrage, which
are based on economic agents’ views concerning the impossibility of
certain events rather than ad hoc constructions. We also explore the
concept of fragility of arbitrage introduced in Guasoni and Ra´sonyi
(2012), and provide new examples of arbitrage models which are not
fragile in this sense.
Key words: optimal arbitrage, incomplete market, No Unbounded Profit
with Bounded Risk, fragility of arbitrage, strict local martingales
1 Introduction
A key concept in mathematical finance is that of absence of arbitrage. Infor-
mally speaking, an arbitrage opportunity is the possibility of making money
∗We are grateful to Johannes Ruf for helpful comments on an earlier version of the
paper.
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out of nothing without taking any risk. Clearly, such strategies should be
excluded in order to ensure market efficiency. The mathematical formula-
tion of the no-arbitrage theory has a long history from the first discrete-
time result of Harrison and Kreps (1979) and to the characterizations of
Delbaen and Schachermayer (1994) and Delbaen and Schachermayer (1998)
in general semimartingale models. In particular, in Delbaen and Schachermayer
(1994) it is shown that the No Free Lunch With Vanishing Risk (NFLVR)
condition is equivalent to the existence of an Equivalent Local Martingale
Measure (ELMM), i.e., a new probability measure under which the dis-
counted asset price process is a local martingale.
The NFLVR provides a sound theoretical framework to solve problems
of pricing, hedging or portfolio optimization. However, for some applica-
tions, requiring total absence of free lunches turns out to be too restric-
tive. Indeed, it seems reasonable to assume that limited arbitrage opportu-
nities exist in financial markets given that whole desks of “arbitrageurs” are
working full-time in investment banks to exploit them. This is one of the
reasons why market models with arbitrage opportunities have appeared in
recent literature, starting with the three-dimensional Bessel process model
of Delbaen and Schachermayer (1995a). Without relying on the concept of
equivalent martingale measure, Platen (2006), see also Platen and Heath
(2006), developed the Benchmark Approach, a new asset pricing theory under
physical measure. In the context of Stochastic Portfolio Theory (Karatzas and Fernholz,
2009), the NFLVR condition is not imposed and arbitrage opportunities arise
in relative sense. These works suggest that NFLVR condition can be replaced
by another weaker notion while preserving the solvability of the economics
problems mentioned above, and several new concepts have indeed been pro-
posed, see Fontana (2013) for a review.
If one is interested in utility maximization, it has been shown (Karatzas and Kardaras,
2007) that the minimal no free lunch type condition making this problem well
posed is the No Unbounded Profit with Bounded Risk (NUPBR) condition.
This condition has also been referred to as BK in Kabanov (1997) and it
is also equivalent to the No Asymptotic Arbitrage of the 1st kind (NAA1)
of Kabanov and Kramkov (1994). It is known that the NFLVR is equiva-
lent to NUPBR plus the classical no arbitrage assumption (see Corollary 3.4
and Corollary 3.8 of Delbaen and Schachermayer (1994) or Proposition 4.2
of Karatzas and Kardaras (2007)). This means that markets satisfying only
NUPBR may admit arbitrage opportunities.
To benefit from a potential arbitrage, one needs to characterize explicitly
the arbitrage strategy, and also to devise a method to compare different
strategies, so as to exploit the arbitrage opportunity in the most efficient
way. An important step in this direction was made in Fernholz and Karatzas
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(2010). In this paper, the authors introduce the notion of optimal relative
arbitrage with respect to the market portfolio and characterize the optimal
relative arbitrage in continuous Markovian market models in terms of the
smallest positive solution to a parabolic partial differential inequality. This
work is extended in Fernholz and Karatzas (2011) to market models with
uncertainty regarding the relative risk and covariance structure of the assets.
Precise conditions for the existence of both relative arbitrage and strong
relative arbitrage opportunities are given in Ruf (2011). The optimal relative
arbitrage turns out to be related to the minimal cost needed to superhedge the
market portfolio in an almost sure way. The problem of hedging in markets
with arbitrage opportunities is studied in detail in Ruf (2013). That paper
shows in particular that delta hedging is still the optimal hedging strategy in
continuous Markovian markets which admit no equivalent local martingale
measure but only a square-integrable market price of risk.
With the exception of the Stochastic Portfolio Theory of Fernholz and
Karatzas and the Benchmark Approach of Platen and Heath, the existing
literature on markets without arbitrage opportunities remains theoretical,
and its findings are rarely used by practitiones to develop actual trading
strategies based on arbitrage opportunities. This is related to the fact that
examples of market with arbitrage found in the literature are typically ad
hoc and are not flexible enough allow calibration to the actual market data.
Moreover, it has been shown in Guasoni and Ra´sonyi (2012) that most of the
existing examples of arbitrage in diffusion markets are fragile, meaning that
they disappear when transaction costs are introduced into the model, however
small their value, or when prices are recorded with a small observation error.
The goal of this study is to propose a new methodology for building
models admitting optimal arbitrage, with an explicit characterization of the
optimal arbitrage strategy. To do so, we start with a probability measure Q
under which the NFLVR condition holds. We then construct a new proba-
bility measure P, not equivalent to Q, under which NFLVR no longer holds
but NUBPR is still satisfied. This procedure is not new and goes back to the
construction of the Bessel process by Delbaen and Schachermayer (1995a).
However, we extend it in two directions.
Firstly, from the theoretical point of view, we provide a characterization
of the superhedging price of a claim under P in terms of the superhedging
price of a related claim under Q. This allows us to characterize the optimal
arbitrage profit under P in terms of the superhedging price under Q, which
is much easier to compute using the equivalent local martingale measures.
Secondly, from the economic point of view, we provide an economic in-
tuition for the new arbitrage model as a model implementing the view of
the economic agent concerning the impossibility of certain market events. In
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other words, if an economic agent considers that a certain event (such as a
sovereign default) is impossible, but it is actually priced in the market, our
method can be used to construct a new model incorporating this arbitrage
opportunity, and to compute the associated optimal arbitrage strategy.
We then combine these two ideas to develop several new classes of ex-
amples of models with optimal arbitrage, allowing for a clear economic in-
terpretation, with a special focus on incomplete markets. We also discuss
the issue of robustness of these arbitrages to small transaction costs / small
observation errors and show that some of our examples are not fragile in the
sense of Guasoni and Ra´sonyi (2012).
The paper is organized as follows. In Section 2, we describe the market
setting and state the main assumptions. In Section 3, optimal arbitrage
profit is introduced and related to a superhedging problem. In Section 4, we
use an absolutely continuous measure change to build markets with optimal
arbitrage. Finally, several new examples built using this construction are
gathered in Section 5.
2 General setting
For the theory of stochastic process and stochastic integration, we refer to
Jacod and Shiryaev (2002) and Protter (2003).
Let (Ω,F ,F,P) be a given fitered probability space, where the filtration
F = (Ft)t≥0 is assumed to satisfy the usual conditions of right-continuity
and augmentation by the P-null sets. For any adapted RCLL process S, we
denote by S− its predictable left-continuous version and by ∆S := S − S−
its jump process. For a d-dimensional semimartingale S and a predictable
process H , we denote by H ·S the vector stochastic integral ofH with respect
to S. We fix a finite planning horizon T <∞ (a stopping time) and assume
that after T all price processes are constant and equal to their values at T .
On the stochastic basic (Ω,F ,F,P), we consider a financial market with
an Rd-valued nonnegative semimartingale process S = (S1, ..., Sd) whose
components model the prices of d risky assets. The riskless asset is denoted
by S0 and we assume that S0 ≡ 1, that is, all price processes are already
discounted. We suppose that the financial market is frictionless, meaning
that there are no trading restrictions, transaction costs, or other market
imperfections.
Let L(S) be the set of all Rd-valued S-integrable predictable processes.
It is the most reasonable class of strategies that investors can choose, but
another constraint, which is described below, is needed in order to rule out
doubling strategies.
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Definition 2.1. Let x ∈ R+. An element H ∈ L(S) is said to be an x-
admissible strategy if H0 = 0 and (H · S)t ≥ −x for all t ∈ [0, T ] P-a.s. An
element H ∈ L(S) is said to be an admissible strategy if it is an x-admissible
strategy for some x ∈ R+.
For x ∈ R+, we denote by Ax the set of all x-admissible strategies and by
A the set of all admissible strategies. As usual, Ht is assumed to represent
the number of units of risky asset that we hold at time t. For (x,H) ∈
R+ × A, we define the portfolio value process V x,Ht = x + (H · S)t. This
is equivalent to require that portfolios are only generated by self-financing
admissible strategies.
Given the semimartingale S, we denote by Kx the set of all outcomes that
one can realize by x-admissible strategies starting with zero initial cost:
Kx = {(H · S)T |H is x-admissible}
and by Xx the set of outcomes of strategies with initial cost x:
Xx = {x+ (H · S)T |H is x-admissible} .
Remark that all elements in Xx are nonnegative. The unions of all Kx and
all Xx are denoted by K and X , respectively. All bounded claims which can
be superreplicated by admissible strategies are contained in
C = (K − L0+) ∩ L∞.
Now, we recall some no-free-lunch conditions, which are studied in the works
of Delbaen and Schachermayer (1994), Karatzas and Kardaras (2007) and
Kardaras (2012).
Definition 2.2. • We say that the market satisfies the No Arbitrage
(NA) condition with respect to general admissible integrands if
C ∩ L∞+ = {0} .
• We say that the market satisfies the No Free Lunch with Vanishing Risk
(NFLVR) property, with respect to general admissible integrands, if
C ∩ L∞+ = {0} ,
where the bar denotes the closure in the supnorm topology of L∞.
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• There is No Unbounded Profit With Bounded Risk (NUPBR) if the set
K1 is bounded in L0, that is, if
lim
c→∞
sup
H∈A1
P
[
V 0,H > c
]
= 0
holds.
• The market admits Immediate Arbitrage (IA) if there exists a stopping
time τ such that P [τ < T ] > 0 and a strategy H = H1]τ,T ] which re-
alizes (H · S)t > 0 P-a.s for all t ∈ (τ, T ]. We say that condition No
Immediate Arbitrage (NIA) holds if there exists no immediate arbitrage
in the market.
The economic interpretation of no arbitrage type conditions above can be
described as follows. Classical arbitrage means that one can make something
out of nothing without risk. If there is a FLVR, starting with zero capital,
one can find a sequence of wealth processes such that the terminal wealths
converge to a nonnegative random variable which is not identical to zero
and the risk of the trading strategies becomes arbitrarily small. If an UPBR
exists, one can find a sequence of wealth processes with bounded (or indeed
arbitrarily small) risk whose terminal wealths are unbounded with a fixed
probability.
In this paper, we are interested in financial markets satisfying the follow-
ing assumption.
Assumption 2.3. S is locally bounded, the market satisfies NUPBR but the
condition NFLVR fails under the physical measure P.
Under the local boundedness assumption, by the Fundamental Theorem
of Asset Pricing, the NFLVR condition is equivalent to the existence of a
ELMM (see Corollary 1.2 in Delbaen and Schachermayer (1994)), but for
general semimartingales the ELMM must be replaced with an equivalent
sigma-martingale measure. So, the limitation to locally bounded processes
S allows us to work with local martingales instead of sigma martingales.
When the NFLVR condition fails but the NUBPR condition holds, the
ELMM is replaced with a weaker notion of “deflator”.
Definition 2.4. An equivalent local martingale deflator (ELMD) is a non-
negative process Z with Z0 = 1 and ZT > 0 such that ZV is a local martingale
for all V ∈ X .
In particular, an ELMD is a nonnegative local martingale. Fatou’s Lemma
implies that it is also a supermartingale and its expectation is less or equal
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to one. Hence, a local martingale density is an ELMD with expectation one.
In general, we cannot use an ELMD to define a new probability measure,
since the new measure loses mass. It is worth to remark that the situa-
tion when the ELMD is a strict local martingale is very different from a
market with bubble. Indeed, an asset price is said to be a bubble if it is
a strict local martingale under the risk-neutral measure, see Heston et al.
(2006) , Cox and Hobson (2005), Jarrow et al. (2007), Jarrow et al. (2010),
which means that no arbitrage opportunity exists.
The following result has recently been proven in Kardaras (2012) in the
one dimensional case. An alternative proof in the multidimensional case has
been given in Takaoka (2010) by a suitable change of numeraire argument
in order to apply the classical results of Delbaen and Schachermayer (1994),
and in Song (2013) by only using the properties of the local characteristics
of the asset process.
Theorem 2.5. The NUPBR condition is equivalent to the existence of at
least one ELMD.
Fragile and robust arbitrages Since real markets have frictions, an ar-
bitrage which disappears in the presence of small transaction costs, or small
observation errors, cannot be exploited in practice. This property, known as
fragility of arbitrage (Guasoni and Ra´sonyi, 2012) is described in the follow-
ing two definitions.
Definition 2.6. For ε > 0, two strictly positive processes S, S˜ are ε-close if
1
1 + ε
≤ S˜t
St
≤ 1 + ε a.s. for all t ∈ [0, T ].
Definition 2.7 (Fragility/Robustness). We say that arbitrage in the (P, S)-
market is fragile if for every ε > 0 there exists a process S˜, which is ε-close to
S, such that the (P, S˜)-market satisfies NFLVR. If the arbitrage is not fragile
we say that it is robust.
Guasoni and Ra´sonyi (2012) show that in diffusion settings, if the coef-
ficients of the log-price process are locally bounded, arbitrages are fragile.
For instance, when we introduce small frictions in the Bessel example, the
arbitrage disappears.
Bender (2012) defines a simple obvious arbitrage as a buy and hold strat-
egy, which guarantees to the investor a profit of at least ε > 0 if the investor
trades at all. It is clear that a simple obvious arbitrage is always robust.
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3 Optimal arbitrage
It is well known that NFLVR holds if and only if both NUPBR and NA
hold, see Corollary 3.4 and 3.8 of Delbaen and Schachermayer (1994) or
Proposition 4.2 of Karatzas and Kardaras (2007). Moreover, Lemma 3.1 of
Delbaen and Schachermayer (1995b) shows that if NA fails then either the
market admits an immediate arbitrage or an arbitrage that is created by a
strategy in A1. Furthermore, if there exists an immediate arbitrage, the as-
sociated strategy is in A0 and can be freely scaled to produce an unbounded
arbitrage. But this situation is not allowed in our market due to Assumption
2.3. Therefore, it is only possible to exploit arbitrages by using strategies
in the set Ax where x > 0. This reasoning is formalized by the following
lemma.
Lemma 3.1. NUPBR implies NIA.
Proof. We will prove that immediate arbitrage implies unbounded profit with
bounded risk. Assume S admits immediate arbitrage at stopping time τ
and P(τ < T ) > 0. There exits a strategy H such that H = H1(τ,T ] and
(H · S)t > 0 for t ∈ (τ, T ]. We observed that Hn := nH ∈ A0 and the
set
{
V 0,H
n
T
}
n∈N
is not bounded in probability. This means that the market
admits unbounded profit with bounded risk.
For these reasons, arbitrages in our market are limited and the question
of optimal arbitrage profit arises naturally.
Definition 3.2. For a fixed time horizon T , we define
U(T ) := sup
{
c > 0 : ∃H ∈ A1, V 1,HT ≥ c,P− a.s
}
.
If U(T ) > 1, we call U(T ) optimal arbitrage profit.
The quantity U(T ) is the maximum deterministic amount that one can
realize at time T starting from unit initial capital. Obviously, this value
is bounded from below by 1. This definition goes back to the paper of
Fernholz and Karatzas (2010). In diffusion setting, these authors character-
ize the following value
sup
{
c > 0 : ∃H ∈ A1, V 1,HT ≥ c
∑
SiT ,P− a.s.
}
,
which is the highest return that one can achieve relative to the market capi-
talization.
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3.1 Optimal arbitrage and superhedging price
Definition 3.3. Given a claim f ≥ 0, we define
SP+(f) := inf
{
x ≥ 0 : ∃H ∈ Ax, V x,HT ≥ f,P− a.s
}
,
that is the minimal amount starting with which one can superhedge f by a
nonnegative wealth process.
A reason for limiting oneself to nonnegative wealth processes is discussed
in Ruf (2011). If Z is a local martingale deflator and a wealth process V is
only restricted to stay above some constant x < 0, then ZV may no longer
be a supermartingale. Let us compare the definition of SP+-price with the
superhedging price in the literature. The superhedging price of a given claim
f is commonly defined by
SP (f) = inf
{
x ≥ 0 : ∃H ∈ A, V x,HT ≥ f,P− a.s
}
.
In other words, we allow wealth processes (maybe negative) that are uni-
formly bounded from below. Note that in markets that satisfy NA, SP+(f) =
SP (f). Indeed, if NA holds, for every admissible integrand H we have ‖(H ·
S)−t ‖∞ ≤ ‖(H · S)−T ‖∞, see Proposition 3.5 in Delbaen and Schachermayer
(1994). If x+(H·S)T ≥ f then (H·S)T ≥ f−x ≥ −x so that ‖(H·S)−T ‖∞ ≤ x.
This implies that ‖(H ·S)−t ‖∞ ≤ x or (H ·S)t ≥ −x, for all t ∈ [0, T ]. In our
market model with arbitrage, SP (f) ≤ SP+(f). The difference between the
two superhedging prices is discussed in Khasanov (2013).
The following lemma is simple but useful to our problem.
Lemma 3.4. U(T ) = 1/SP+(1).
Proof. (≤) Take any c > 0 such that there exists a strategy H ∈ A1 which
satisfies
• V 1,HT = 1 + (H · S)T ≥ c,P− a.s.
• (H · S)t ≥ −1. for all 0 ≤ t ≤ T .
Then a simple scaling argument gives us a strategy to hedge 1
• (superheging) 1/c+ 1/c(H · S)T ≥ 1,P− a.s.
• (admissibility) 1/c(H · S)t ≥ −1/c for all 0 ≤ t ≤ T .
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By Definition 3.3, one can superhedge 1 at cost 1/c. Therefore, we get an
upper bound for optimal arbitrage profit
U(T ) ≤ 1
SP+(1)
.
(≥) The converse inequality can be proved by the same argument.
The above lemma has two consequences. First, the knowledge of SP+(1)
is enough to find optimal arbitrage profit. Second, one should find the strat-
egy to superhedge 1 in order to realize optimal arbitrage.
Obviously, SP+(1) ≤ 1. If SP+(1) < 1, there is optimal arbitrage. If
SP+(1) = 1, optimal arbitrage does not exist, but arbitrages may still exist.
In Example 8 of Ruf (2011), the cheapest price to hold 1 is 1, but we can
achieve a terminal wealth larger than 1 with positive probability.
4 Constructing market models with optimal
arbitrage
In this section we present two constructions of market models with optimal
arbitrage. They both work by starting with a probability measure Q un-
der which the price process satisfies NFLVR and making a non-equivalent
measure change to construct a new measure P allowing for arbitrage. Ar-
bitrage opportunities constructed with an absolutely continuous measure
change have been studied in earlier works. The first example of this kind of
technique is the Bessel model, which is given in Delbaen and Schachermayer
(1995a). This technique is generalized in Osterrieder and Rheinla¨nder (2006)
and Ruf and Runggaldier (2013). However, we push this idea further by char-
acterizing the superhedging price under P in terms of the superhedging price
under Q, which enables us to describe optimal arbitrages.
4.1 A construction based on a nonegative martingale
Let Q be a probability measure on the filtered measure space
(
Ω,F , (Ft)t≥0
)
described in the beginning of Section 2, and assume that under Q, the fol-
lowing are true:
• The risky asset process S is a locally bounded semimartingale which
satisfies NFLVR.
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• There exists a nonnegative RCLL martingale M with M0 = 1 and
Q[{τ ≤ T} ∩ {Mτ− > 0}] = 0. (1)
where τ = inf{t ≥ 0 :Mt = 0} with the convention that inf ∅ = +∞.
Since M is right-continuous, this means that M may only hit zero continu-
ously on [0, T ]. Using M as a Radon-Nykodym derivative, we define a new
probability measure via
dP
dQ
∣∣∣
Ft
=Mτ∧t.
Then P is only absolutely continuous (but not equivalent) with respect to Q.
In fact, M can reach zero under Q but it is always positive under P, because
P[τ ≤ T ] = EQ[Mτ∧T1τ≤T ] = 0.
Theorem 4.1. Under the above assumptions, the (P, S)-market satisfies
NUPBR, and for any FT -measurable claim f ≥ 0, we have
SP P+(f) = SP
Q
+ (f1MT>0).
Corollary 4.2. Under the assumptions of the theorem let
sup
Q¯∈ELMM(Q,S)
EQ¯[1MT>0] < 1.
Then the (P, S)-market admits optimal arbitrage and the optimal arbitrage
strategy the superhedging strategy of the claim 1MT>0 in the (Q, S)-market.
Proof. By the the standard super-replication theorem under absence of ar-
bitrage (Theorem 9 of Delbaen and Schachermayer (1995c)),
SPQ+ (1MT>0) = sup
Q¯∈ELMM(Q,S)
EQ¯[1MT > 0].
Proof of Theorem. Let Q¯ be a local martingale measure equivalent to Q, and
denote by Z¯ its density with respect to Q.
Step 1: we prove that the (P, S)-market satisfies NUPBR by showing that
Z¯/M is an ELMD.
We define
τn = inf{t ≥ 0 :Mt < 1
n
}
with the convention inf ∅ = +∞. Since, by condition (1), M does not jump
to zero, we have that Mt∧τn > 0 ∀t ≥ 0 Q-a.s.
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We remark that Q ≪ P on Ft∧τn . Indeed, take any A ∈ Ft∧τn such that
P(A) = 0, we compute
Q[A] = EQ
[
1A
Mt∧τn
Mt∧τn
]
= EP
[
1A
1
Mt∧τn
]
= 0.
This means P is equivalent to Q on Ft∧τn .
By Corollary 3.10, page 168 of Jacod and Shiryaev (2002), to prove that
a process N is a P-local martingale with localizing sequence (τn), we need to
prove that (NM)τn is a Q-local martingale for every n ≥ 1. Then,
• Z¯/M is a P-local martingale since Z¯ is a Q-local martingale.
• Z¯S/M is a P-local martingale since Z¯S is a Q-local martingale.
• Z¯V/M is a P-local martingale for each P-admissible V . Since P and Q
are equivalent on Ft∧τn , we obtain V τn is a Q-admissible wealth process.
Thus, for each n, we have Z¯V τn is a Q-local martingale, so is (Z¯V )τn .
Step 2: we prove the equality SP P+(f) = SP
Q
+ (f1MT>0).
(≤) Take any x > 0 such that there exists a strategy H ∈ AQx which satisfies
VT = x + (H · S)T ≥ f1MT>0,Q − a.s. Since P ≪ Q, Theorem 25, page
170 of Protter (2003) shows that H ∈ L(S) under P as well and HQ · S =
HP ·S,P− a.s.. We also see that x+(H ·S)t ≥ 0,P− a.s and x+(H ·S)T ≥
f1MT>0 = f,P− a.s. This means
SP P+(f) ≤ SPQ+ (f1MT>0). (2)
(≥) For the converse inequality, take any x > 0 such that there exists a
strategy H ∈ APx and V PT = x + (H · S)T ≥ f,P − a.s. We will show that
x ≥ SPQ+ (f1MT>0).
Define Hn := H1t≤τn, then H
n is S-integrable and x-admissible under Q.
From Step 1, we see that τn ∧ T ր T , P-a.s. and therefore V nT = x + (Hn ·
S)T → V PT , P-a.s. or V nT 1MT>0 → V PT 1MT>0 ≥ f1MT>0, Q-a.s. The following
convergence holds
V nT − V nT 1MT=0 = V nT 1MT>0 → V PT 1MT>0 ≥ f1MT>0,Q− a.s.
The sequence V nT − x − V nT 1MT=0 = (Hn · S)T − V nT 1MT>0 is in the set
K − L0+ (under Q) and uniformly bounded from below by −x. Because
the (Q, S)-market satisfies NFLVR condition, the set K−L0+ is Fatou-closed
(see Remark after Corollary 1.2 of Delbaen and Schachermayer (1994)) and
we obtain V PT 1MT>0 − x ∈ K − L0+ or x ≥ SPQ+ (f1MT>0). In other words,
SP P+(f) ≥ SPQ+ (f1MT>0). (3)
From (2) and (3), the proof is complete.
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4.2 A construction based on a predictable stopping
time
In this section, we apply the construction of Section 4.1 to a predictable stop-
ping time. As before, we consider a measure Q on the space (Ω,F , (F)t≥0).
Let σ be a stopping time such that Q (σ > T ) > 0. We define a new proba-
bility measure, absolutely continuous with respect to Q, by
dP
dQ
∣∣∣∣
Ft
=
Q [σ > T |Ft]
Q [σ > T ]
:=Mt. (4)
Under the new measure, P (σ > T ) = EQ (MT1σ>T ) = 1.
This construction has the following economic interpretation. Consider
an event (E), such as the default of a company or a sovereign state, whose
occurence is characterized by a stopping time σ. Given a planning horizon
T , we are interested in the occurence of this event (E) before the planning
horizon. Suppose that the market agents have common anticipations of the
probability of future scenarios, which correspond to the arbitrage-free proba-
bility measure Q, and that under this probability, the event (E) has nonzero
probabilities of occuring both before and after the planning horizon. Con-
sider now an informed economic agent who believes that the event (E) will
not happen before the planning horizon T . For instance, the agent may be-
lieve that the company or the state in question will be bailed out in case of
potential default. Our informed agent may then want to construct an alter-
native model P, in which the arbitrage opportunity due to mispricing may
be exploited and the arbitrage strategy may be constructed in a rigorous
manner.1 The following corollary provides a method for constructing such a
model.
Corollary 4.3. Assume that the following conditions hold
• The risky asset process S is a locally bounded semimartingale which
satisfies NFLVR under Q.
• The filtration F is quasi-left continuous.
• σ is a predictable stopping time such that for any stopping time θ,
EQ [1σ>T | Fθ] > 0,Q− a.s. on {σ > θ} .
1The “informed agent” interpretation of our arbitrage construction hints at possi-
ble connections with the research on arbitrage opportunities arising from enlargement
of the underlying filtration with additional information, see e.g. Fontana et al. (2012);
Imkeller et al. (2001). The detailed study of these connections is left for further research.
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Then the (P, S)-market satisfies NUPBR. Given a FT -measurable claim f ≥
0, we have
SP P+(f) = SP
Q
+ (f1σ>T ).
In addition, if
SPQ+ (1σ>T ) = sup
Q¯∈ELMM(Q,S)
EQ¯[1σ>T ] < 1,
then the (P, S)-market admits optimal arbitrage.
Proof. This result will follow from Theorem 4.1 after checking the condition
(1) on M . Let τ = inf{t > 0 : Mt = 0}. By construction, Mσ = 0 on
{σ ≤ T} and Mt > 0 for t < σ. This means that
τ =
{
σ, σ ≤ T
+∞, otherwise.
Since the filtration F is quasi left continuous and σ is a predictable stopping
time, M does not jump at σ (see Protter (2003), page 190). This means that
Q[{τ ≤ T} ∩ {Mτ− > 0}] = 0
and condition (1) is satisfied.
5 Examples
5.1 A complete market example
Let WQ be a Brownian motion and let F be its completed natural filtration.
We assume that the price of a risky asset evolves as follows
St = 1 +W
Q
t
and define a predictable stopping time by σ = inf{t > 0 : St ≤ 0}. Using the
law of infimum of Brownian motion, we get
Q[σ > T ] = Q[(WQ)∗T > −1] = 1− 2N
(
− 1√
T
)
> 0,
where N denotes the standard normal distribution function.
Next, by Markov property we compute
EQ[1σ>T |Ft] = Q[(WQ)∗T > −1|Ft] =
{
0 on σ ≤ t
1− 2N
(
− St√
T−t
)
> 0 on σ > t.
(5)
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Hence, on {τ > t}, we obtain EQ[1σ>T |Ft] > 0. This means that the construc-
tion of Section 4.2 applies and we may define a new measure P via (4). Since
the (Q, S)-market is complete and ELMM(Q, S) = {Q}, the superhedging
price of the claim 1σ>T is
Q[σ > T ] = 1− 2N
(
− 1√
T
)
< 1,
which means that the P-market admits optimal arbitrage.
Applying the Itoˆ formula to (5), we get the martingale representation:
EQ[1σ>T |Ft] = Q[σ > T ] +
√
2
pi
σ∧t∫
0
1√
T − se
− S
2
s
2(T−s)dWQs . (6)
Therefore,
Ht =
√
2
pi
1√
T − te
− S
2
t
2(T−t)1t≤σ
is the optimal arbitrage strategy, that is, the hedging strategy for 1σ>T in
the (Q, S)-market as well as the hedging strategy for 1 in the (P, S)-market.
Let us now compute the dynamics of S under P. By Girsanov’s Theorem
(see, e.g., Theorem 41 on page 136 of Protter (2003)),
W Pt = W
Q
t −
2
Q[σ > T ]
√
2pi
σ∧t∫
0
1
Ms
e−
S
2
s
2(T−s)
1√
T − sds
is a P-Brownian motion. The dynamics of S under P are therefore given by
St = 1 +W
P
t +
2
Q[σ > T ]
√
2pi
σ∧t∫
0
e−
S
2
s
2(T−s)
Ms
√
T − sds (7)
= 1 +W Pt +
√
2
pi
σ∧t∫
0
1
1− 2N
(
− Ss√
T−s
) e− S2s2(T−s)√
T − sds (8)
Now, let us discuss the fragility and robustness of the arbitrage in this
example in the sense of Guasoni and Ra´sonyi (2012). The optimal arbitrage
constructed using the predictable stopping time σ = inf{t > 0 : St ≤ 0} is
fragile. Indeed, from (7) we can write the dynamics of Xt := log St as follows
dXt = e
−XtdW Pt +
[
2
Q[σ > T ]
√
2pi
e−Xt
1
Mt
e
− S
2
t
2(T−t)
1√
T − t −
1
2
e−2Xt
]
dt (9)
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Since in (9), the drift is locally bounded and the volatility is continuous and
nonsingular, by Theorem 2 of Guasoni and Ra´sonyi (2012), we conclude that
the arbitrage is fragile: for any ε > 0, one can find a process S˜t which admits
an equivalent martingale measure and satisfies 1 − ε ≤ S˜(t)
S(t)
≤ 1 + ε a.s. for
all t ∈ [0, T ].
However, we can slightly modify the stopping time σ to construct an
arbitrage which is not destroyed by small perturbations of the price process
as above. More precisely, we choose the predictable stopping time σ as the
first time when St hits a line with positive slope, that is
σ = inf{t ≥ 0 : St ≤ αt}
with α > 0. By Proposition 3.2.1.1 in Jeanblanc et al. (2009),
Q[σ > T ] = Q
[
inf
0≤t≤T
(WQt − αt) > −1
]
= N
(
1− αT√
T
)
− e2αN
(−1− αT√
T
)
∈ (0, 1),
and we can define a measure P admitting optimal arbitrage via (4). It is easy
to see that ST > αT , P-a.s. This allows to construct a simple buy-and-hold
arbitrage strategy.
• If αT > 1, buy one unit of S in the begining and hold it until T . This
strategy yields a profit of αT − 1 with probability 1.
• If αT ≤ 1, introduce the stopping time σ1 = inf{t > 0 : St = αT2 }. If
σ1 ≤ T2 , buy one unit of S at σ1 and hold it until T . Otherwise, do
nothing. It is easy to see that P[σ1 ≤ T/2] = Q[σ1 ≤ T/2, σ > T ] > 0,
which means that this strategy yields a profit greater than αT
2
with
positive probability.
This strategy is a simple obvious arbitrage in the sense of Bender (2012),
which means that it is robust and not fragile (see discussion at the end of
section 2).
We are going to compute the dynamics of log S in this case and compare
to the results of Guasoni and Ra´sonyi (2012). By Markov property and the
law of infimum of Brownian motion with drift, we compute the conditional
probability
EQ[1σ>T |Ft] =
{
0 if σ ≤ t
N
(
St−αT√
T−t
)
− e2α(St−αt)N
(
−St+2αt−αT√
T−t
)
if σ > t.
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Denoting
Y 1t =
St − αT√
T − t , Y
2
t =
−St + 2αt− αT√
T − t
and applying the Itoˆ formula, we obtain the dynamics of the conditional law
on σ < t:
dEQ[1σ>T |Ft] =
 1√
2pi
e−
(Y 1
t
)2
2√
T − t +
e2α(St−αt)√
2pi
e−
(Y 2
t
)2
2√
T − t −N (Y
2
t )2αe
2α(St−αt)
 dWQt ,
and the dynamics of Mt:
dMt =
1
Q[σ > T ]
 1√
2pi
e−
(Y 1
t
)2
2√
T − t +
e2α(St−αt)√
2pi
e−
(Y 2
t
)2
2√
T − t −N (Y
2
t )2αe
2α(St−αt)
 dWQt .
By Girsanov’s Theorem,
dW Pt = dW
Q
t −
1
MtQ[σ > T ]
 1√
2pi
e−
(Y 1
t
)2
2√
T − t +
e2α(St−αt)√
2pi
e−
(Y 2
t
)2
2√
T − t −N (Y
2
t )2αe
2α(St−αt)
 dt
is a P-Brownian motion. Finally, the dynamic of S under P is
dSt = dW
P
t +
1
MtQ[σ > T ]
 1√
2pi
e−
(Y 1
t
)2
2√
T − t +
e2α(St−αt)√
2pi
e−
(Y 2
t
)2
2√
T − t −N (Y
2
t )2αe
2α(St−αt)
 dt.
Applying Itoˆ’s formula once again, we see that Xt = logSt satisfies
dXt = e
−XtdSt − 1
2
e−2Xtdt
=
e−Xt
MtQ[σ > T ]
 1√
2pi
e−
(Y 1
t
)2
2√
T − t +
e2α(St−αt)√
2pi
e−
(Y 2
t
)2
2√
T − t −N (Y
2
t )2αe
2α(St−αt)
 dt
− 1
2
e−2Xtdt+ e−XtdW Pt . (10)
The drift in (10) can be written as a function of (t, Xt), and it is not locally
bounded, for example, 1/M is unbounded in a neighborhood of (t, log(αt)).
So the result of Guasoni and Ra´sonyi (2012) breaks down.
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5.2 A robust arbitrage based on the Poisson process
Another way to ensure robustness of arbitrage with respect to small pertur-
bations is to introduce jumps into the price process dynamics. Let N be a
standard Poisson process under Q and assume that F = FN , which is a quasi
left-continuous filtration. Then St = 1+Nt− t is a Q-martingale. We define
a predictable stopping time τ = inf{t > 0 : St ≤ 0} and a new probability
measure P ≪ Q via dP|Ft = St∧τdQ|Ft . The (P, S)-market admits optimal
arbitrage provided T > 1, because in this case SPQ(1ST>0) = Q[ST > 0] < 1.
Here, unlike the first example of this section or the Bessel process example
discussed in Guasoni and Ra´sonyi (2012), we can prove that the arbitrage is
not fragile. Indeed, we fix a real number ε > 0 and construct a simple
buy-and-hold arbitrage strategy as follows:
• if S jumps on [0, ε] then we do nothing.
• if S does not jump on [0, ε], we buy one unit of S at ε and hold it until
the first jump time of S.
Assuming that T > 1, the process N must jump before T , because St > 0,P-
a.s. This means that this strategy generates a profit greater than ε with
positive probability. Therefore, this is a simple obvious arbitrage in the
sense of Bender (2012), and so it is not fragile (see discussion at the end of
section 2).
5.3 Extension to incomplete markets
Assume that S is a nonnegative Q local martingale with only positive jumps
starting at 1. Suppose that the conditions in Corollary 4.3 are fulfilled.
The requirement of quasi-left continuity is not so restrictive, for example,
the natural completed filtration of a Le´vy process is a quasi-left continuous
filtration (see Exercise 8 page 148 of Protter (2003)).
Let a be a positive number such that aT/2 > 1 and define a predictable
stopping time by σ = inf{t > 0 : St ≤ at}. The measure P is defined by
dP
dQ
∣∣∣∣
Ft
=
Q [σ > T |Ft]
Q [σ > T ]
.
From the economics point of view, this arbitrage represents a bet that the
asset price will remain above the line αt. Then for any equivalent local
martingale measure Q¯ such that S is a nonnegative Q¯ local martingale, we
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have
Q¯[σ ≤ T ] ≥ Q¯[ST/2 ≤ aT/2] = 1− Q¯[ST/2 > aT/2]
≥ 1− E
Q¯[ST/2]
aT/2
≥ 1− 1
aT/2
.
The superhedging price is SPQ(1σ>T ) = supQ¯ Q¯[σ > T ] ≤ 1aT/2 < 1. There-
fore, the (P, S)-market admits optimal arbitrage. Since ST > aT > 2,P−a.s.,
the presence of arbitrage is robust with respect to small perturbations of S.
5.4 A variation: building an arbitrage from a bubble
Let S be a nonnegative Q local martingale with no positive jumps, satisfying
S0 = 1 and St ≤ ε < 1, Q-a.s for t ≥ T . In other words, the market admits
a bubble.
We define σ = inf{t ≥ 0 : St > K} for K > 1. In this example, a
trader believes that the price of S may not exceed an upper bound K. As in
previous examples, this trader may construct an arbitrage model P as in (4),
provided that the conditions in Corollary 4.3 are fulfilled. Under any ELMM
Q¯, Sσ∧t is a bounded Q¯ local martingale and hence a Q¯ martingale. So we
get
1 = EQ¯[Sσ∧T ] = KQ¯[σ ≤ T ] + ST Q¯[σ > T ],
and therefore
Q¯[σ ≤ T ] = 1− ST Q¯[σ > T ]
K
>
1− ε
K
.
The superhedging price of 1σ>T is
sup
Q¯∈ELMM(Q,S)
EQ¯[1σ>T ] < 1− 1− ε
K
.
5.5 A joint bet on an asset and its volatility
Let
St = 1 +
∫ t
0
σSudW
Q
u ,
where WQ is a Brownian motion and σS is a volatility process assumed to
be continuous. Let σ < σS0 and define stopping times as follows:
σ1 = inf{t > 0 : St ≤ 0}, σ2 = inf{t > 0 : σSt ≤ σ}, σ = σ1 ∧ σ2.
Assume that Q[σ1 ≤ T, σ2 > T ] > 0 and the conditions in Corollary 4.3 are
fulfilled. This choice of the stopping time represents a bet that S will not
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hit 0 and its volatility will stay above σ up to time T . Then, under any
equivalent local martingale measure Q¯, we have
Q¯[σ ≤ T ] = Q¯[σ1 ≤ T, σ2 > T ] + Q¯[σ2 ≤ T ]
≥ Q¯[B∗σ2T ≤ −1, σ2 > T ] + Q¯[σ2 ≤ T ] ≥ Q¯[B∗σ2T ≤ −1] > 0,
where B∗t = inf0≤u≤tBu and B is the Brownian motion such that
t∫
0
σSudW
Q
u = B∫ t
0
(σSu )
2du.
Because Q¯[σ ≤ T ] is bounded from below by the quantity Q¯[B∗σ2T ≤ −1].
This quantity is positive and does not depend on Q¯, since B is a Brownian
motion under Q¯. Therefore supQ¯ Q¯[σ > T ] is bounded away from one.
The superhedging price SPQ(1σ>T ) = supQ¯ Q¯[σ > T ] < 1.
5.6 A variation: betting on the square bracket
The construction in Example 5.5 can be modified as follows. Let S be a non-
negative continuous semimartingale starting at 1 and be aQ local martingale.
We define
σ1 = inf{t > 0 : St ≤ 0}, σ2 = inf{t > 0 : [S]t ≤ −a + bt}, σ = σ1 ∧ σ2,
where a, b are positive constants. Suppose that Q[σ1 ≤ T, σ2 > T ] > 0 and
the conditions in Corollary 4.3 are fulfilled. Then under any ELMM Q¯, we
compute
Q¯[σ ≤ T ] = Q¯[σ1 ≤ T, σ2 > T ] + Q¯[σ2 ≤ T ]
≥ Q¯[B∗[S]T ≤ −1, σ2 > T ] + Q¯[σ2 ≤ T ] ≥ Q¯[B∗bT−a ≤ −1] > 0,
This implies that the superhedging price SPQ(1σ>T ) = supQ¯ Q¯[σ > T ] < 1.
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